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Abstract: We discuss the fate of flat directions in higher derivative gravity by studying 
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direction at leading order, but its fate changes upon including order {a'Y supersymmetric 
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1. Introduction and summary 

According to the attractor mechanism, the near horizon field configuration of an extremal 
black hole is insensitive to the asymptotic data on scalar fields of the theory. Also, many 
moduli fields of the theory are fixed at the horizon, while others remain unfixed, meaning 
that the black hole entropy does not depend on them. The attractor mechanism has been 
observed for asymptotically flat as well as asymptotically AdS black holes and in theories 
with higher derivative interactions, and there is a long list of papers where this subject 
has been studied widely fl |, g |, |, |, g |, |, H, [ll|, [l, 0, 0, Hill H, S P- 
Here, we summarize the main points, that will be play a role in our analysis: 
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Let us consider a general theory of gravity, coupled to abelian gauge fields, neu- 
tral scalar fields and p-form gauge fields, with a local Lagrangian density, which is 
invariant under gauge and general coordinate transformation. Suppose the theory 
admits a rotating or spherically symmetric extremal black hole solution. It has 
been proven |2^, ^ that the entropy of this black hole remains invariant under 
continuous deformation of the asymptotic data for the moduli fields^. 

It is important to stress that this result does not depend on the supersymmetries 
the solution preserves but relies only on the existence of an AdS2 component in 



the near-horizon geometry. This allows us to define the "entropy function" ||22 
of the theory, and by extremizing it, find the explicit values of the near- horizon 
parameters. 

In presence of higher derivative terms, even finding a generic solution of the full 
theory is a non-trivial task. However we can restrict our attention on the subclass 
of extremal black hole solutions that are not destabilized by higher derivative terms, 
i.e. they still admit an AdS2 component in the near-horizon geometry. If that is the 
case, then we can expect the results for the attractors at the two derivative level to 
hold even for a covariant theory of higher derivative gravity. 

2. Flat direction: As we already pointed out, the attractor equations fix some of the 
moduli fields at the horizon in terms of the black hole charges. On the other hand, 
it is possible that certain moduli fields cannot be fixed by extremization, meaning 
the entropy function has a series of degenerate stationary points. In that case, the 
entropy will be independent of the near-horizon values of these moduli, that we will 
refer to as flat directions. 

The existence of flat directions is strictly related to the (super)symmetries preserved 
by the solution, and it's likely that the same symmetries will completely constrain 
the behaviour of fiat directions even when higher derivative terms are considered. 
It is however possible that the specific form of the higher derivative interactions, 
and, as a consequence, its symmetries, might influence the fate of flat directions in 
higher derivative gravity. 

Generically, we expect that if the two derivative theory has a BPS black hole solution 
with a flat direction, then supersymmetry will protect the structure of the near horizon 
geometry and the flat direction will not be lifted, when supersymmetric higher derivative 



^It has been observed that there can be discrete jumps because of multi-centered black holes. 



- 2 - 



interactions are considered. On the other hand, nothing can be said a priori for non-BPS 
solutions. To confirm our expectations for the BPS case and obtain some knowledge about 
the non-BPS case, we study two concrete examples: 



1. We consider five dimensional minimal gauged supergravity in presence of higher 
derivative corrections. There exists an asymptotically AdS, supersymmetric solu- 
tion of two derivative gravity [^] that preserves 1/4 of the supersymmetries and 
the near-horizon geometry of this solution is specified in terms of a single parameter 
A. The five dimensional field content is given by the metric and one gauge field. 
We perform a dimensional reduction on this five dimensional geometry over a circle 
direction), obtaining a larger field content including the metric, two gauge fields 
and two scalars. We write down the entropy function and the attractor equations in 
four dimensions and find that the equations are satisfied without any knowledge of 
one scalar field and, moreover, the entropy is independent of its near-horizon value. 
This means that this scalar field is a fiat direction of our theory. We explicitly check 
that the flat direction remains fiat, even in presence of higher derivative terms in 
the Lagrangian. The details are studied in section Q. 



2. Next, we condiser rotating D3 brane solution in type IIB string theory, which does 
not preserve any supersymmetry. The solution admits an extremal limit and the 
near-horizon geometry has an AdS2 part. The near- horizon value of dilaton does 
not appear in the entropy function, or in the entropy, therefore it is a fiat direction 
of the theory. When higher derivative terms are considered in the action, the fate 
of dilaton changes, i.e. its near-horizon value gets fixed, but remains independent 
of physical charges. The details are studied in section ^ 



Finally, we end the paper by outlining possible extensions and future projects in 
section ^. We hope to report on these questions in future. The paper also contains four 
appendices, where all the technical details are provided. Appendices and contain 
the details of five dimensional Noether charges and Kaluza-Klein reduction formulae. In 
appendix we explain some issues concerning the higher derivative corrections of the 
five dimensional near-horizon geometry. In the last appendix we analyze explicitely 
the solution of the dilaton equation of motion and give the value of the higher derivative 
invariant as a function of the near-horizon parameters. 
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2. Flat direction in five dimensional theory 



Not long ago all possible purely bosonic supersymmetric solutions of minimal gauged 
supergravity in 5 dimensions were classified , using the properties of the Killing spinors. 



These solutions are known to preserve 1/4 of super symmetries^ (only 2 supercharges 
in the minimal theory) and of course, they solve the equations of motion arising from 
the minimal gauged supergravity action p^, |2^. Analyzing all possible near horizon 
geometries of these supersymmetric solutions, Gutowski and Reall were able to find 



an one-parameter family of black hole solutions, which has a spatially compact horizon 
(squashed S^) and is (globally) asymptotically AdS^, in contrast with the ungauged case 
where the near horizon geometry of a BPS solution is always maximally symmetric. We 
work in a suitable coordinate system, where the 74^5*2 part of the near horizon geometry 



is manifest ||2^. The metric, the U{1) gauge field and its field strength have the following 
form: 

/ Cq \ ^ f dv^ 

ds^ = f 3 cos 9dx H dr + e^r dt + difjj + t>2 [dO^ + sin^ 6 dx^) + Vi i — — Pdt^ 

A = (eov? + ei) rdt - {Bip + P) cosOdx + —dr + (fdijj, (2.1) 
F = (eov? + ei)dr A dt + {Bip + P) sin OdO A dx ■ 

We consider, in the following, minimal gauged supergravity theory coupled to a single 
f/(l) gauge field, including some supersymmetric higher derivative terms. These higher 
derivative terms are all four derivatives and they are related to mixed gauge gravitational 
Chern-Simons term by supersymmetry. The supersymmetric completion of this term 
was first found in [|28|, using the superconformal formalism, which gives a complete off- 
shell result. An on-shell version of these higher derivative supersymmetric invariants was 
derived later in |2^, by integrating out all the auxiliary fields. The action obtained in 



this method, however, can be reduced further, by means of partial integrations, field 



redefinitions and Bianchi identities ||3^. Finally one can show that the action includes 



only five bosonic higher derivative terms 



5*5 = y d'x^/^ R+^-^ + ^e^''P"'A,F,pF^s + [ciR^.p.R^'""' 

+C2{FY + csF^-'F^'^F/Fp'' + cR^.p^F^^F^'^ + c.e^"'"'' A,R,p,,Ra5^^^ 



(2.2) 



^AdS^ is the only maximally supersymmetric solution of the gauged theory 
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where the supersymmetric values of the coefficients 02,03,04, C5 and k are given, in terms 
of ci, by: 

J - 288ci), C2 = — , C3 = - — , C4 = - — , C5 = — =. (2.3) 



4v^^ ™„ 24' 2' 2V3- 

Notice that the action ( p. 21 ) is not gauge invariant, due to the presence of Chern-Simon 
terms. In the following sub-section we deal with this issue, obtaining a generalization of 
a result known at the two derivative level for asymptotically AdS black holes: a relation 
between the 5 dimensional and the reduced, 4 dimensional, black hole charges. 

2.1 Black hole charges 

In order to obtain any knowledge on the behaviour of the moduli fields of the theory 
under consideration, we want to make use of Sen's entropy function formalism [jlO[, which. 



however, is applicable only to gauge and diffeomorphism invariant theories, unlike ( p.2|) . 
To circumvent this problem, we dimensionally reduce our five dimensional theory over a 
circle, obtaining a four dimensional gauge invariant action (details about the reduction 
are presented in sub-section |2.1.2| and appendix P). Even so, the entropy of the reduced 
4D black hole solution will depend on the four dimensional charges, thus we must first 
find a relation linking the lower and higher dimensional charges. In this way we can still 
get the entropy of the "original" black hole solution as a function of the five dimensional 
charges. Now, as it turns out, at two derivative level it was proven that the 5D and 4D 
black hole charges are exactly equivalent (for 5-dimensional AdS solutions this result was 
first found in Obviously, in our case, we would like to find a relation between the 

black hole charges when higher derivative interactions are considered. While the answer 



is known for asymptotically fiat BPS black hole ^ |3^, where a mismatch, due to 
the gravitational Chern-Simon term, was found among the charges, in the asymptotically 
AdS case, no one (to the best of our knowledge) has studied this relation. In the following 
three sub-sections we intend to fill this gap. The construction is generic and in particular 
does not assume the supersummetric values of the various coefficients mentioned in ( p.3|) . 



2.1.1 5 dimensional charges - Noether potential 

It is well known that for a given local invariance of the action there exists a current J^, 
conserved on-shell: 

d^J>^{^,<l)) = -E,6<P' (2.4) 

where Ei indicates the equations of motion for the collection of fields 0*, and C, is the local 
parameter of the invariance transformation. Imposing on-shell conditions, the current is 
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conserved and it can be re-written as a total derivative of a second rank antisymmetric 
tensor Q^'' , called Noether potential 



j/^ = 9.Q^^(e,0). (2.5) 

The integral of this object over the horizon of black hole will give us its associated charges. 

Let's start by calculating the current corresponding to abelian gauge invariance of 
the action. The equations of motions obtained from the Lagrangian ( p.2| ) are as follows 

=V^( - F^"" + 8c2{F^)F^"' - ScsF^'PFp^F'"' + Ac^R'"''"' Fp^^ 

Ef = i(£ - le'^-'P'^^A^F^pF,^ - c^e^^^^^^ A,R,;<' K^.s)^^ 

- R"^ + + ci ( - 2R^''\''P'' R^\p^ + 4VpV,^''("^)") 

- 4c2F2f("I^F^)^ - 4c3 F^'^^^F^xF^Ppf^ 

+ 2c5£'^'^^'^("(VAF^.i?p.'l^) + 2F^,VpR/)). 

Now, consider a symmetry variation 5^ = (9^^ of the Lagrangian density. Due to this 
variation we get the following conserved gauge current J^, 



pa 



Jp =v^( - + ^KeP^'P"^ ApF^r + 8c2{F^)FP'' + ScsF'^^Fp^F"^) 9^ ^ + ^.c^R^'^p" F^ 

- i^^""'"^ {^^F^pFar + C^Rupa^Rar'^'') • (2.6) 

Next step is to evaluate the Noether potential Q^^. For this, we would need to add 
suitable improvement terms, to cast the current in a form proportional to the symmetry 
variation = : this means that would vanish for a symmetric background, and 
Qp'^ would be a conserved quantity. This procedure is rather cumbersome, but luckily, we 
can obtain the same conservation law directly from the equation of motion for the gauge 
field, namely: 

Now, it is obvious that Q'^'^ is a conserved quantity when the equation of motion for the 
gauge field are imposed. Furthermore its integral over the horizon corresponds to the 
black hole electric charge associated to gauge symmetry, i.e. the electric charge: 

Q^D = f dE^.QP" (2.7) 
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where (iS^i, = dS \/he^^, \/h is the determinant of the induced metric on the null sur- 
face S of the horizon, and the tensor e^j^J" is the binormal on that surface, satisfying the 
normalization condition t^i,e^^ = —2, with only one non-zero component, etr = Vi. After 
some manipulation, using the Bianchi identities for the field strength and the Riemann 
tensor, we obtain: 

Qf^u ^_pi^u ^ 2Ke^"''"'^ ApF^^ + 8c2iF^)F^"' - Sc^F^'PFp^F'"' + Ac^RP'^p'' Fp^ 

- Ac^eP'P^^ (tpp'^d^trJ + |f,^-f^/f . (2.8) 

Now, using the the above expression of Noether potential in ( p.7|) , we can compute the 
five dimensional conserved electric charge for the background ( |2.1| ). The result is quite 
long: we present it in appendix ^ 

The evaluation of the angular momentum is completely analogous. The full action 
(|2.2| ) is invariant under diffeomorphism and the current associated to this invariance reads: 



JP{^, A,g)=(^- + A'^eP'P''^ ApF„r + Ac^RP'P'' Fp„ 

+ 8c2(F2)F^- + ScsF'^Ppp^F'^P^ {ePxu + V^i^Ax)) 
-2(^g [''^''gp^p] + 2 C5eP''^''^ArRap''P + 2 ciRP'^p^ + c^FP^pP''^ Vp[2V(,e.)] 
+ 2Vp (2 c^e'^^P'^^ A^R^pP" + 2 ciRp^p" + c^pP'^pP''^ (2V(,e.)) 
- C^C (2.9) 

where, C,p is the rotational Killing vector of the black hole spacetime. Now, to extract a 
total derivative from the current, we add a linear combination of the equations of motion 
of E'^ and EP'^ . As it can be easily understood, adding these term will not alter in any 
way the final physical result, since they vanish on-shell. The correct combination we use 
to extract the Noether potential for diffeomorphism is: 



JP + 2EP''^, + {^-A)EP = V,QP'' (2.10) 

■^The notation we use for the binormal and the antisymmetric epsilon tensor are similar, but they are 
tensors of different ranks. 
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where 

o 

+ C4( - 2F^"' pP'^V + 2Vp(F^^F''")ea + 4Vp(F^("F''l'^))e,). (2.11) 

With the above expression of the Noether potential, the conserved angular momentum 
can be computed using: 

BsD = I di:^,Q''\ (2.12) 



Again, the result is presented in appendix ^. 

2.1.2 4 dimensional charges - Dimensional reduction and entropy function 

In this subsection, we determine the four dimensional charges for the corresponding four 
dimensional system using the entropy function formalism. The derivation is, again, com- 
pletely generic as it only depends on the form of the near horizon solution presented in 
(|2.1| ) and does not assume any particular value for any near horizon parameters. 

As explained above, to apply entropy function, we need gauge invariant Lagrangian 
and thus, we first need to perform a Kaluza-Klein reduction of the action ( |2.2| ). We take 
the following ansatz for the metric and gauge field for the reduction, 

ds'^ = Qp^ydx^dx" = hijdx'^dx^ + (j){r){dil) + A^kY^ 

Ap = AM + a(r)(# + Aku) (2.13) 

and compactify along %p direction. We denote A^k as the Kaluza-Klein (KK) gauge field 
and the corresponding field strength is given by {Fkk)ij = di{Akk)j — dj{Akk)i- The four 
dimensional gauge field is A and the corresponding field strength is F. All un-hatted 
curvature quantities are composed of the four dimensional metric hij. The reduction of 
gauge invariant terms in the action is straightforward (appendix |^). On the other hand, 
the reduction of the two Chern-Simons terms, which are gauge non- invariant, is tricky, 
and requires the addition of some total derivatives terms. Here, we present only the 
reduced four dimensional action corresponding to these two gauge non-invariant terms. 
Specifically the two derivative gauge Chern-Simon term takes the following form 



^ J V^geP'P-'ApFypF^s = 4vr/s: j d^xV^e'^"'"' 



-^(^^{Fkk)ab{Fkk)cd + Cr'^{Fkk)abFcd + CrFabFcd 



(2.14) 



- 8 - 



while the four derivative mixed Chern-Simon term reads: 

C5 j V^ge^'""''A^R,p''^R,s.p = c,{T, - 4T2), (2.15) 
where, Ti and T2 are given by, 



$2 

+ ^( {Fkk)ij{Fkk)kl{Fkk) — '^{Fkk)ij{Fkk)km{Fkk)"^^{Fkk)nl 
+ — ( m{Fkk)ij^™'{Fkk)kl 



To = 271 I d^xV^e'^^^Fk 



TT"^ (-f^fcA;)mn ~l~ . ^Fkk^im^Fkk) jn^Fkk) „ i^Fkk^ij^Fkk) 

Z 4 O 



and (Fkk)^ = {Fkk)ab{,FkkY^ ■ The periodicity of the compact direction is 47r. 
Now, the four dimensional action obtained is gauge invariant so that we can apply the 
entropy function formalism. Our ansatz for near-horizon metric and gauge field is ( |2.1| ). 
From the four dimensional point of view we have two gauge fields, one coming from 
usual five dimensional gauge field and the other coming from the metric components g^^j_ 
(Kaluza-Klein gauge field): to each of those gauge fields corresponds a charge, respectively 
Q and 9, to which we associate a charge parameter, ei and Cq respectively. 
The entropy function is, then, defined as follows: 

^ = 27r(gei + Geo - I) (2.16) 

where, L is given by, 

L = / dedxCi (2.17) 



levrGg J 

and £4 is the reduced four dimensional Lagrangian,including the higher derivative terms. 

The attractor equations are obtained by minimizing the entropy function with respect 
to the near-horizon parameters, while the four dimensional physical charges are given by: 

Q = #. e = |i. (2,18) 

oei ocq 



Calculating L over the near-horizon geometry ( |2.1| ), we find the expression for the four 
dimensional physical charges. The proper four dimensional charges are rescaled as in |10| 
to Q = 2Q, e = 29. 
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2.1.3 Relation Between 5D-4D Charge 

Comparing the five dimensional charges with the corresponding four dimensional charges, 
we find a complete match between the two at two derivative level. However, as already 
seen for asymptotically fiat black hole solutions, they differ at the four derivative level and 
the difference is proportional to C5 only (gravitational Chern-Simon term). We also find 
that the relation between five- dimensional and four- dimensional charge remains exactly 
the same as in the case of asymptotically flat black holes. For the angular momentum 



Q5D, our result is more generic than the one in [^, as in our case the black hole can carry 
an extra parameter P.^ Thus, we see that the difference between five and four dimensional 
charges is purely a topological effect due to the Chern-Simon term which is not gauge 



invariant. The details can be found in |^. The bottom line of our analysis is that the 
asymptotic geometry of the space time is not relevant to account for the differences in 
the physical charges. The relations between 4D and 5D charges for asymptotically AdS 
black holes reads: 

g.-ft„ + !;£!5e.. e.-e.. + l=^lM|f^c, (2.19) 



Gv2 Gvfv. 



2 



These expressions are one of the main results of our paper and constitute a general- 
ization of previous work PT| to higher- derivative gravity theory. 



2.2 Flat directions in higher derivative gravity 

So far we have studied the generic relation between four dimensional and five dimensional 
charges. Now we concentrate on a particular class of supersymmetric solutions in five 
dimensions and find that it exhibits a fiat direction. Our goal is to study the fate of this 
fiat direction when higher derivative interactions are taken into account. 

We consider, in the following, the supersymmetric asymptotically AdS^ black hole 
solution presented by Gutowski and Reall [|^. This solution is 1/4 BPS (preserves 



2 supercharges) and its near- horizon geometry has an AdS2 component. We use the 
coordinates that make the AdS2 part of the near horizon geometry manifest 

;drAdt + ^TZ^c?^ A (2.20) 



A2 + 9L-2 L(A2-3L-2) 



can be thought of as a magnetic field. 
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Comparing this solution with near- horizon ansatz given in (2J.) we find the following 
values of the near-horizon parameters 

1 1 / A " 



3 A2-3L-2 ^ V3A 
eo = --nr A9 , ^ = 1) e5 = ei + eoip 



LAA2 + 9L-2' ' . . u,^ A2 + 9L-2' 

•*« = ^ + ^^ = i(A^- 

The leading attractor equations (i.e. derived from the two derivative action) are given 

by, 

vi equation : [B"^ {^p^ + vl) - 2t\.v\ - ^v-^ + 2BP^v\ 

+vj {el ((^2 + vl) + 2eieo<^ + ej) + = 

V2 equation : B'^Lp^v'l + B'^v'lv'l + 2BPLpvl + e^Lp^vl — Av^vi 

+2eoeiipvl + e\v\ + e\v\vl + P'^v\ + 2kv\v\ = 



V3 equation : (S^ (y?^ + 3^,2) _ 2Avl - AV2) + 2BP(pvl 

-vl [el [lp^ + 3w^) + 2eieo<^ + + P'^vl + 4w^t;i = 

if) equation : B'^ipv^v^ + Bvi (24</)t>2 (cqV^ + ei) k + PV1V3) 

-V2 (eoip + ei) ieoV2V3 - 2APvik) = (2.22) 

Other two attractor equations (for cq and Ci) define the four dimensional charges 
and QiD in terms of near-horizon geometry. 

Substituting the leading values of near-horizon geometry ( p.22| ) in the attractor equa- 



tions one can check that the first three equations ( corresponding to vi, V2 and v^) vanish. 
Furthermore the ip equation vanishes for a particular value of k = which is the 
supersymmetric value. Thus one does not need any specific ip to solve the attractor equa- 
tions. It is also easy to check that the entropy of the black hole does not depend on the 
near-horizon value of this scalar field and it is given by: 

27rAL^ 

S = ^. 2.23 

G'(A2L2-3)' 

Therefore we conclude that, at two derivative level, is a fiat direction, as it was 



already observed in pl | 
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2.2.1 Higher derivative correction to the extremal near-horizon geometry and 
fate of the flat direction 

To check whether remains flat in presence of higher derivative terms we follow the same 
procedure as we did at leading order. We first find the corrections to the five dimensional 
near-horizon geometry due to higher derivative interactions. Then we study the attractor 
equations derived from the entropy function in presence of higher derivative terms on this 
corrected solution. 

We consider the following higher derivative correction to the five dimensional near- 
horizon geometry^: 

1 1 A 



3 A2 — 3L^2 v^A 
^° = -ZAA2 + 9L-2 + = A2 + 9L-2 + 



= ...9 o.-9^ ^ B = l. (2.24) 



V3_ 
L(A2 - 3L- 

We can solve for these higher derivative corrections (Vi, V2, Eq and E^) using the five 
dimensional equations of motion. The solution is given in appendix |C[ One can easily 
check that the fifth component of five dimensional gauge field {if) never appeared in any 
Einstein's equation. Therefore, we can not fix this scalar or its higher derivative correction 
in five dimensions. However, it is important to check whether the entropy depends on this 
scalar field or not. To this end, we first verify that the corrected five dimensional solution 
solves the higher derivative attractor equations and then compute the entropy function 
on this solution. As it turns out, imposing on-shell conditions on the entropy function 
will make its dependence on ip disappear. In fact, the entropy reads: 



S 



G(A2L2 -3)' 



1 + 



7 



■ 1 72 |^2c2 (7A^L^ - 10 A^L^ + 3) 



(AU^ - 6A2L2 - 15) 
+ C3(9AU^ + 2A2l2 + 3) + 2y3c5(A^L^ - TA^L^ - 5)^ 
+ ci(-16A^L^ + 503A^L^ + 2AQ^^L^ + 585) - 2Aci{^^L^ 



24AU^ - 53A2L" + 15) 



+ 0(7^ 



(2.25) 



^We do not consider any correction for v^,A^ and B as one can use redundancies in the leading 
solution to choose the corrections to the above three parametersto be zero. We address this issue in 
appendix 
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As expected, the flat direction at the two derivative level is not lifted, if the solution 
preserves some supersymmetries. What strikes as a surprise, however, is that throughout 
the whole analysis we never specified the supersymmetric values for the coefficients c/s 



of the higher derivative interactions in ( p.3|) , meaning that the flat direction will remain 



flat even for non supersymmetric deformations of the higher derivative action ( p.2| ). Un- 
expectedly, the sjTumetries of the leading order black hole solution seem to protect the 
flat directions from being lifted independently of the symmetries of the full action. 

For supersymmetric values given in ( ^.31 ) the entropy has the following form (remem- 
ber that the AdS radius L also picks up a correction): 

^ _ 2itAKL^ TT-fCiAKL^{2A^L^ -lOSA^L^ -2Q33A^L^ + 8AQ3A^L^ -33) 
'"'^ ~ G(A2L2 -3)' G (A2L2 - 3)^ (AU^ - 6A^L^ - 15) 

3. Flat direction in ten dimensional theory 

Supersymmetric, asymptotically AdS^ black hole solution, like the one analyzed in the pre- 
vious section, has been certainly used for a huge number of applications in the AdS /C FT 
correspondence. However, these are not the only solutions used to obtain some knowledge 
of the dual fleld theory. 

The flrst attempt of flnding BPS black holes in 5 dimensional minimal gauged super- 
gravity dates back few years [^, but all the solutions suffer from not having regular 



horizons or naked singularity. Later, they were found as a special limit of a more general 
class of non supersymmetric black hole solutions l^^, which contain a non-extremality 



parameter /i linking solutions of the ungauged theory with supersymmetric solution of the 
gauged theory (yU = is the BPS-saturated limit). Such non supersymmetric black hole 
solutions of the minimal flve dimensional gauged U{1)^ supergravity, which are asymp- 
totically AdS^ X S^, can have a regular extreme limit with zero Hawking temperature and 
finite entropy [0. It is also possible to embed such solutions in type IIB supergravity 



38| . The full class of solutions , which was shown to satisfy the 10 dimensional equations 
of motion coming from the two derivative type IIB supergravity action, includes the 10 
dimensional black hole metric, a self-dual five form F^, three gauge fields Oj, coming from 
the 5 dimensional U{1)^ gauged theory lifted in 10 dimensions and physical charges qf. 

dsl, =v^ [-{H.H.Hsr'fdf + {f-V + r^dMsY)] 

1 ^ (3-1) 
+ ^ L^Hi [d^l + [d(j)i + ai dtf) , 



^See also 



where A^s = {R^, S^} is a spatial manifold corresponding to curvatures k = {0, 1}, 



a, = ^ - 1) , = ! + 

3 2 2 
i=l 



(3.2) 



and 



lii — cos9i, ii2 — sin9i cos ^2, //s^sin^i sin ^2- (3.3) 

K = corresponds to flat horizon. For k, — 1 horizon topology is 5"^ and k, — —1 gives 
negatively curved horizon. The physical charges Qi are related to charge parameters Qi in 
the following way, 

qi = V QiifJ' + i^Qi) ■ (3-4) 
The five form field strength is given by: 

F5 = + , ^5 - dB^ , (3.5) 

where, 



= — ^ A dt A dvolMs — L Qijif I — (it J A dvolj^s , 



(3.6) 



where dvolMz is a volume form on A^a. Note that the 10 dimensional Bianchi identity 
on the five form 'SJ^p"'^<^ — gives rise to the five dimensional equations of motion for 
the scalars and the gauge fields. Finally, the dilaton equation of motion admit a general 
solution of the form 0(r) — cq-\- cih{r) where the function h{r) is singular at the horizon. 
To circumvent this problem we can set Ci = 0, so that the dilaton is just an arbitrary 
constant. 

Once again, we remind the readers that the above solution does not preserve any super- 
symmetry. Nevertheless we will focus our analysis on it, since we are not aware of any 
asymptotically ^4^5' black hole solution in 10-dimensions that preserves some supersym- 
metry. 

It is important to stress that the dilaton is constant and it is not possible to find its 
value by solving Einstein's equations of motion. The entropy of this black hole solution 
does not depend on it. Therefore the dilation is a fiat direction at the two derivatives 
level. We would like to see the fate of this flat direction when we add higher derivative 
terms in the action. However, for our purposes it's easier to consider, without loss of 
generality, the extremal limit of this black hole solution and, once again, consider only 
the near-horizon geometry. This procedure is discussed in the following section. 
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3.1 Extremal near- horizon geometry 

The extremal hmit corresponds to (taking Hawking temperature to zero), 

2'^o + '^oi'^ + ?i + 92 + 93) - 9i9293 = (3.7) 

where tq solves the above equation given the charges. 

The mass parameter /j,, in the near- horizon geometry is fixed to be: 

/^ = -o + |n(l + S)- (3-8) 

1^ I Q 

3.1.1 Three equal charges 

For simplicity we consider only three equal charge solution: qi — q2 — Qs — Q- In that 
case we see, 

H,^H2^Hs = H = l + \ (3.9) 
A = i/^ 

which leads to g = 2rQ and /i = 27 Tq. For convenience wc take L = 1 throughout this 
section. Therefore the three equal charge black hole metric becomes, 



3 

+ {del + sin^ Oidel) + ^ /x,^ [d^^ + dtf . (3.10) 

i=l 

Wc consider k, = case, i.e. flat horizon. The analysis can be repeated for the k = 1 case, 
and it's completely analogous. 

The extremal near-horizon metric is given by, 

ds'' = ^ i^-r'^dt'' + ^^+ Srlidx'' + dy' + dz'') + {dOl + sin^ e^dOl) 

{d4>^ + -^dt^ + nl (d<j)2 + ^dt^ + /^3 (#3 + ^^^) ' (3-11) 

and the four form field B reads, 

B4 = -VSr^ {rdt + cos^ 6li#i + sin^ 6'2(#2 cos^ 62 + d(l)3 sin^ 62)) AdxAdyAdz. (3.12) 

Thus we see that at the extremal limit the near-horizon geometry admits an AdS2 part. 
However, we shall determine this near-horizon geometry using again the entropy function 
analysis and discuss the fate of the fiat direction (p. 
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3.2 The entropy function 

We consider x, y and z direction to be compactified on a three torus. Therefore from the 
seven dimensional point of view the four form R-R field appears to be an one form 
field = {BiC}^xyz) where /i runs over all indices except x,y and z (the D3 brane is a 
point-like object and Ai is electrically coupled to it). 

Now we would like to compactify over 0j directions. Therefore from the four dimen- 
sional ({if:, r, ^1, 62]) point of view there are three KK gauge fields Oj = Zirdt (all of them 
are equal for the three equal charges case) and six scalars: three of them coming from 
the metric and three of them from B^. Given the symmetry of the problem, the scalars 
coming from the metric are equal and will be denoted by Wi. Analogously, the scalars 
coming from the 4-form can be all denoted by h. In fact even starting with different values 
for the scalars, they will be constrained to be equal. Therefore we can write down the 
following near-horizon ansatz for the metric and the gauge field^: 



vi ( -p^de + ^ 



+ V2 {dx^ + dy'^ + dz^) 



(3.13) 



[del + sin^ Oidel) + ^ /x- [^0^ + zi r dtf 



i=l 



We can decompose the seven dimensional field Ai in terms of four dimensional field A^^"* 
and KK fields as follows 



(3.14) 



with 

A^^^ = eordt ^ dz . (3.15) 
Explicitely, dAi, which can be thought of as a field strength in four dimensions, reads: 



dA = 



gs dr A dt + 6 sin (6*1) cos (6*1) (-d^g sin^ (6*2) - d02 cos^ (6^2) + d0 J A dOi 
-b d^2 A (d(/)2 - d03) sin (^2) sin^ (^1) cos {62 



(3.16) 



''in fact the derivation is more involved. Once we break the 5*0(6) symmetry, the lower dimensional 
scalars and gauge fields depend on the angular direction of lower dimensional spacetime, in this case on 9i 
and 02- One has to solve the attractor equations to find the angular dependence of the lower dimensional 



fields. See [40 for the details. However in this case, as the leading near- horizon geometry is known, 



we substitute the angular dependence of the fields from the beginning. Therefore the scalars and the 
different components of the gauge fields are determined by AdS2 symmetry only. 
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where 



^5 = eo + 



Zib 



In ten dimensions the five form RR field strength is given by, 



F5 = dB4 + -kdB4^ 



where (ii?4 = dA Adx Ady A dz. Therefore, the corresponding F| equals: 



(3.17) 



(3.18) 



4 5!^ 



2ff \ vf wl 



(3.19) 



Hence, the final result for the on-shell action reads. 



S 



IGvrGio 

V3 V1V2WI 



d^^jj d^^V^o Rio - ^(50)' - j^{F, 



128nG 



10 



35/ 262 _ (^+eo)2 \ 

^ wiz( - Avi 40 



v 



V2 



(3.20) 



We define the entropy function with respect to the lower dimensional charges, 

S 



£ = 2TrA g eo + e ;zi - 



A 



(3.21) 



where A 



i287rGio" ^ol'^i^g attractor equations we find the following solution for the 
near horizon geometry: 



^^1 



24 ' 



V2 



(29/3) 



2/3 



1 



(-Q)5/6 

, 49 

b = Wl = . 

3g' 2 



3V2 



(3.22) 



Furthermore, the entropy is given by: 

S 



9 



192 V2G 



(3.23) 



10 



Since we know the extremal near- horizon geometry exactly ( p.ll| , p.l2|) , we can solve 
the attractor equations and find the lower dimensional charges in terms of a single param- 
eter tq. We can then re- write the entropy as a function of tq and check it is in agreement 
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with Bekenstein-Hawking law. 
The near-horizon geometry reads: 



1 2 1 

vi = V2 = Srg, zi 



12' ^ ' 3V2 

b = -6^6 rl, wi = 1 (3.24) 

Substituting these values in the attractor equations we get, 

g = -4, e = IsVer^ . (3.25) 

Therefore the entropy turns out to be 

^ ^ 3V3r-] ^ Area ^g) 
32G'io 4Gio 

One should note that the near-horizon value of the dilaton does not appear in the 
entropy function, therefore it is a flat direction. Our goal is to check what happens to 
this fiat direction when we add supersymmetric higher derivative terms which appear in 
type IIB string theory. 

3.3 Higher derivative terms in type IIB string theory 

For type IIB supergravity, which is a low-momentum expansion of type IIB superstring 
theory, the higher derivative corrections can be written as a series in a'. The series is of 
the following form: 

a'^ Sub = 5^°^ + a' S'^'^ + ■■■ + (a')" 5^"), (3.27) 

where the first non-zero term, expected to appear at tree-level or 1-loop in the string 
coupling, is of the order a'^. It is an eight derivative action, one of the terms being the 



well known term. Unfortunately, the standard superfield techniques ([0, 0) can not 
be used for the construction of the full S^^^ contribution to the two derivative action, 
that corresponds to the supersymmetric completion of the term Nevertheless, if 



one considers only a subset of the full field content of type IIB theory, specifically the 
metric and the five-form, then a general formula for the supersymmetric higher derivative 



correction exists For the sake of completeness, we outline the steps taken to obtain 
such an invariant. First of all, U{1) gauge invariance of the theory allows us to separate 
all the higher derivative terms by their charge. We will then only look for terms that are 
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neutral under U{1) and contain at most one fermion bilinear. These terms, schematically, 
look like: 

8^1 = J A/(°'°)(r,f)(C^ + (F5)« + ---) (3.28) 
^Sff = [ d''x /(°'°)(r, f )(C^# + (F5) W ■ ■ ■ ) (3.29) 



where C is the Weyl tensor, ^p is the gravitino, F5 is the self-dual five form and /^°'°-*(t, f) 
is a modular function of the complex scalar fields r and f, which reads as in ( |3.32| , p.33| ). 
Note that the five form and the metric are the only bosonic fields neutral under U{1). Now 
if one starts from this restricted set of fields, considering terms only linear in the fermions 
in the supersymmetry variations and setting dr = df = X = {X being the dilatino 
of the theory), it is possible to show that the supersymmetry variation of (|3.28|) cancels 
exactly against the supersymmetry variation of (|3.29|) (neglecting fermions trilinear). Of 
course, setting the derivative of the scalar field r to zero we are effectively neglecting the 
variation of the modular form f^^''^\T,f). Restricting our attention to these terms, it is 
pretty straightforward to show that the obstruction to the existence of the chiral measure. 



found in is circumvented. As one would expect, then, the final result for the eight 



derivative action [^, turns out to be exact. This construction is, however, highly non- 



trivial and only few explicit calculations were carried out Recently, a simplified 



explicit expression for the eight derivative coupling between the metric and five-form was 
found in [^. In the following we will make use of this general result, together with the 
solutions (|0|),(B.6D. The full action reads: 



167rG 



N Jm 



4-5! 



1 



7(0) = ^/^°'°Hr,f), 
/(°'°)(r,f)= Yl 

(m,n)^(0,0) 



Gjv oc a 



3/2 
'2 



/4 



where 



r = Ti 



(3.30) 

(3.31) 
(3.32) 

(3.33) 



The above correction to the leading supergravity action is a complete quantum (i.e. 
a' as well as string-loop) correction. The string coupling Qs oc exp0oo- The first term in 
the expansion of /^"^'"^^(r, f) appears only as a supergravity (a') correction to the leading 
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two derivative Lagrangian , i.e. in finite a' and N ^ oo limit and thus, in — )■ limit. 
For the following computation, we will keep the entire quantum correction to the leading 
supergravity action. 

The higher derivative W contribution is explicitly given by |^ : 

1 



86016 



(3.34) 





Mi 


-43008 


C abcdC abefC ceghC dg f h 


86016 


CabcdCaecfClygeliCclgjli 


129024 


^-^ abcd^-^ ctef g^-^bf hi ^ cdeghi 


30240 


cibcd^~^ cibce ^ df ghij ' ^ cfhgij 


7392 


^ ohcd^ abef ' ^ cdghij' ^ efghij 


-4032 


^-^dbcd^-^decf'^bcghij'^dfghij 


-4032 


^-^ abcd^-^ CLGcf' ^ bghdij '/ eghfij 


-118272 


C abcd^ ae f gTbcehijTdf hgij 


-26880 


C abcdC aef gTbcehijTdhifgj 


112896 


C abcdC aef gTbcfhij Tdehgij 


-96768 


C abcdC aef gTbcheijTdfhgij 


1344 


C abcdTabe f ghTcdeijkTf ghijk 


-12096 


C abcdTabef ghTcdfijkTeghijk 


-48384 


C abcdTabef ghTcdfijkTegihjk 


24192 


C abcdTabef ghTcefijkTdghijk 


2386 


Tabcdef Tabcdgh TegijklTfij hkl 


-3669 


Tabcdef TabcdghTeij gklTfikhjl 


-1296 


Tabcdef TabcghiTdej gklTfhkijl 


10368 


Tabcdef Tabcghi Tdgjekl Tfhkijl 


2688 


Tabcdef Tabdegh Tcgijkl Tfj khil 



The tensor T is defined by 

Tabcdef 



1050^ 



iVaF, 



a" bcdef 



rpmn 
abcmn-^ def 



(3.35) 



If we impose self-duality of the five-form, this reduces to 



Ti. J ^ — 7\7 J r -I ( F V. F — 3F,,x F '""'l 

I abcdef ^ a^ bcdef \ -j^g \^ abcmn-'- def abfmn-'- dec ) 



where the RHS should be antisymmetrized in the triplets [abc\ , [def] and symmetrized for 
their interchange. Here, we also note that the higher derivative correction has been given 
in the Einstein frame. We can also go to the string frame with proper transformation of 
the metric, but, obviously, the physical information of the system will not depend on the 
frame chosen. 

3.4 The fate of the flat direction 

As we already explained, the dilaton parametrizes a flat direction at two derivative level, 
that can be lifted or not by the presence of supersymmetric higher derivative interac- 
tions. To verify its fate, we first compute the entropy function in presence of these higher 
derivative terms ( 3.34|) and then focus on the attractor equations corresponding to the 



two scalars, i.e. axion and dilaton. Since the higher derivative term W evaluated on the 
leading solution turns out to be constant^, the axion-dilaton equations take the following 
form, 



5/(0,0), 



Tl = {Tl)h,T2 = {T2)h '• 



= 0, (3.36) 

■Tl = (Tl)h,T2 = {T2)h 



The axion equation takes the following form: 

y ^^^"T =0- (3-37) 



n[m + riTi^ 

(m,n)7^(0,0) 



and it's easily solved by ri = 0. On the other hand, the dilaton equation of motion is 
given by (setting ri to zero): 

72 (m^ — n^rl) 



E T 7 5. =0- (3-38) 

(m,n)^(0,0) ' ^' 



One solution of the above equation is r2 = =^ 0/i — )■ oo, but this divergent behaviour 
destabilizes the near- horizon geometry, so we won't take it into account. Another possible 
solution is r2 = 1, for which 



^ = 0' 3.39 

(m,n)^(0,0) ' ' 



is identically satisfied. Therefore, the leading near-horizon value of the dilaton is (ph - 
so that the flat direction is lifted when we add higher derivative terms in the action. 



^The value of W for the near- horizon geometry ( ^.24 ) considered is 14580 
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One important observation is that considering only the leading term in the modular 
function, that is, only the leading higher derivative correction (a'^) to supergravity, setting 
all loop correction to zero, then the leading value of the dilaton is fixed to infinity. Thus 
the thermodynamics of the system (temperature, entropy) does not receive any correction 
due to this leading higher derivative term, but the system is destabilized. 

However, considering the full quantum correction, then there is a possibility of a finite 
dilaton solution. This is a rather interesting phenomenon, as the full quantum correction 
stabilizes the system again. Not only that, it seems that supersymmetries, and not just 
extremality of a black hole solution is necessary to protect the fiat directions from being 
lifted. Once again, it looks as if the symmetries of the higher derivative interactions do 
not play any role to decide the fate of flat directions. 

3.5 Higher derivative correction to entropy 

For completeness, we compute higher derivative correction to the entropy. We define the 
entropy function and the attractor equations as before. We computed the full supersym- 
metric higher derivative term ( p.34|) for the near-horizon geometry and the expression is 



presented in appendix 0. Solving the corrected attractor equations we get the following 
corrections to the near-horizon geometry: 

_ 144155 . _ (29/3)'/'^ 25115(9(-Q))^/^ 

~ ~Ta 384Q"^' '"^ ~ (-Q)5/6 8 ^ 32/3g3 ^' 

1 810^2 . , 46 541156 . 21085. , , , 



where, 



The entropy is given by: 



a'3 



^ = — V = (3 41) 

^ 16 ^ (m2 + n2)3/2- ^ ■ ' 



S- ® - ' f3 42l 

~ 19272^10 ~ 16y2Gio(-Q)3/2^ ' 

4. Future Directions 

We hope this work will pave the way for a number of possible applications and extensions. 
Here we will mention some of them and hope to report on them in future. 

As of now, we are not aware of any asymptotically AdS black hole solutions of su- 
pergravity in ten dimensions that preserves some supersymmetries. Thus, one interesting 



direction is to uplift the five dimensional spinning AdS solution, analyzed in the first part 
of this paper, to ten dimensions. Knowing the correct uplift of this class of supersymmet- 
ric five dimensional black hole solutions, one can study the behavior of flat directions (if 
any) for the uphfted solution and compare the results obtained with the ones presented 
in this paper. 

In our work, we have seen that, for the five dimensional case, the supersymmetry 
invariance of the higher derivative terms did not play any role. In fact, without specifying 
the correct supersymmetric coefficients of various higher derivative terms, the fiat direction 
of the leading solution remains fiat. As we stressed before, the supersymmetries preserves 
by the leading solution played an important role in the whole analysis. It would be 
interesting to find a supersymmetric black hole solution in the higher derivative theory 
as well although this would require an analysis of the complete off-shell formulation of 
minimal gauged supergravity in five dimensions. This analysis would certainly make use 
of the correct values of various coefficients of the higher derivative terms and give us the 
first supersymmetric asymptotic AdS black hole solution away from supergravity limit^. 
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A. 5D and 4D charges 



In this appendix, we provide the explicit expressions of the 5D and the corresponding 4D 
charges for a | BPS solution in minimal gauged supergravity theory with supersymmetric 



higher derivative terms. The results are given for the generic form of the solution in 



and for its supersymmetric form in ( |2.2UD . First, the expressions for the 5D charges, which 
are completely general, are obtained using the equations (|2.7|), (|2.8|), and (|2.12|): 



71 

G 



8k(p{2P + Bip) + 32c2t;2v^(ei + CQif) 



f 1- 



, lQv2^2{ex + eoipf V2\ei + eo^){Avi^ - ?,elv^) + 2Bvi^v^eo{P + B^) 
+ C3 — h 4c4A/t^ 



+ C5 



ABv^{eWv^ + 2v^{v2~ B^v^)) 



Vi^V2^ 



(A.l) 



Of course, adding suitable improvement terms to the current would have led to the same 
exact result for the electric charge. Notice that ^ is just a constant, once we imposed 
the symmetric background condition d^^ = 0. Similarly, the angular momenta takes the 
following form: 



e 



5D 



TT 

G 



2t;2yw3(eot'3 + ^{ei + eo(p)) 



, 3P + 2B^ , {ei + eo^f 

inip h lbC^V2y/v^(p>- 



+ 2cieot;3 



Vi^V2 



eiV2^{ei + 2eo¥^) - Pvi^{P + 25(/^) + ^''{e^W - BW 



+ 32c2v^v'(ei + eov?)- 

.2vi\3{ei + 2eQ(p){P + Bip) - V2^{ei + eoV?)(3eot;3(ei + 2eQip) - Aviip) 



Vi^V2 



+ 4C40^ 



Vi^V2 



+ 4C5W3 



PV2\^eo^V^ - Avi) + 5(26160^^2 t^3 + (960^1^2 ^^3 " ^ViV2^ + Vi\Av2 - 3B^Vs))(p) 



V\^V2^ 



(A.2) 
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Analogously, plugging in the specific values of the parameters of the Gutowski-Reall 
solution, one obtains, for the corrected black hole charges: |2.1| 

" 12G (A2L2-3) 4SG {A^L^ - Sf (A^L^ - 6A^L^ - 15) 

(^V3ci(13AU^ - 1179AU^ - 7623 A^L^ - 135) - 24:{2c5A^L^ + 65V3c4AU^ 
-ecsA^L^ + 303V3c4A2l2 + GOcsA^L^ + 6V3c2{A^L^ + llA^L^ + STA^L^ - 99) 
+3\/3c3(A^L^ + 21AU^ + 129A^L2 + 21) + 450^304 - 9OOC5) j (A.3) 

9v^A2LV + VS^' (A^L^ - 3)' + 9L^'' {A^L^ - 3) - f 



e, 



i2L2-3 



366" (A2L2 -3)^ 

1 



i-fA^L\24{6V3c2 + 3^303 + 2C5) 



486" (A2L2 - 3)^ (AU^ - 6A2L2 - 15) 
-13V3ci)A^LV + A^L^(ci(635L + UlsV^ip) + 24(6c2(5L + 8^3^) + 27c3(L + 2V3ip) 
+36C4L - + 65y3c4<^ - I2c5ip)) - 3AU^((795ci + 8I6C2 + 552c3 + 1064c4 

+96\/3c5)L - 6(2277301 + 8(54\/3c2 + 33^303 + 18^304 + 13c5))</?) - 9A2l2((449ci 
-8I6C2 + I2OC3 + 92OC4 - 848y3c5)L + 6(42iy3ci + 960^302 + 488V3c3 + 204^304 
+480c5)(^) - 27(175ci + 8(26c2 + 13c3 - 2OC4 - 30^305))^ - 81(5^301 + 8(-66V3c2 
+7^303 + 50^304 - 100c5))<^)) (A.4) 

Before we end this appendix, we summarize some of our conventions for the 5D analysis. 
The metric is always mostly positive, with signature (—,+,+,+,+). The Levi-Civita 
tensor has the following form , 

where, £^^^P'^^ = Sfj^yp^s is just ±1 depending on the orientation of the space-time. In a 
local Lorentz frame, €01234 = 1- Also, the definition of the Riemann tensor is 

= 2r^[.,p] + 2V\^,V%^^. (A.6) 
B. Kaluza-Klein Reduction of 5D Lagrangian 

In this appendix, we give the necessary details to perform the Kaluza-Klein reduction of 



the five dimensional Lagrangian. The reduction ansatz is given in (|2.13|) . 



In the tangent space, the reduction of various components of the Riemann tensor reads: 
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D ab 



J^cd 



T3 ah 

-i£c5 — 



r> a5 

-n-cS — 



Rc/' - i0[F(S)el"F(S)/l + F{BUF{Bf' 
L>e(^)[9"v^] + UF{BUF{Br' . 



(B.l) 



and gauge invariant two derivative Lagrangian takes the following form: 



,5n = 47r 



1 

-( 
2 



- ^aFi^{FkkT + 



1 



(B.2) 



The higher derivative action consists of different four-derivative terms . Here, we 
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present the dimensional reduction of the gauge invariant part: 



+ l^'''\Fkkr{Fkk),k{Fkkf\Fkk)u - l^-^'^V^^V'<P{Fkkh{Fkkr 
o z 

+4a=^$i/2^,,(F,fc)^'=(Ffcfc)H(Ffefc)'* + 2a''^^'^F,,{F,ky''Fu{Fkkf + 2<l>-3/2v,(aVV)2 
-4$-^/2Fi,F^'VzaVV - A^-^/^a^F,^{FukfViaV'a - S^-^'^a{Fuu)^,{Fkky'V laV'a 

+c,(^^'^R,,kiF'^F^' + ^^l^a^R,,ki{Fkuf{Fkkf' + 2<l>i/Vi?,,fc,(F,fc)^^F'=' 

_i$3/2 [cT2(Ffc,)^^'(Ffefc),fe(Ffc,)'='(Ffcfc),, + F'^{Fuk),kF''\Fuky^ + ((Ffefc)*^^^'^^ 
+2aF^^'(Ffcfe),fe(Ffcfe)'='(Ffcfe),, + 2a{Fkkf F,,{Fkk)ki{Fukf] + 4<l>i/2V.(Ffcfe),feF*^ VV 
+4$i/W,(F,fc),,(Ffcfc)*WV - ^''^V'a{Fkuy,{Fkk)'^^k(y + 2$-^/^ [^(f^^)^^(f^ 



kk) 



(B.3) 



The full Lagrangian contains the above gauge invariant parts as-well-as the reduction 
of the two gauge non-invariant Chern-Simons terms, that we have already presented in 
the main text. To performed the entropy function analysis we have made use of the full 
Lagrangian. 



C. Redundancy of higher derivative corrections 

As we already pointed out in the main text, the leading five dimensional solution (|2.21|) 
has certain redundancies. Keeping the geometry of the full solution fixed, we could impose 
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an ansatz for the corrections to the leading solution parameters: 

-.^-'^■^ -z^.... 

+ i^^l + ^i^.. (C.l) 

Now, one can show that the leading Einstein's equations of motion are satisfied up to 
order 5, if the following conditions are satisfied: 



(A^L^ - 3)' (2A^L''Bh + 2VSLf (A^L^ + 1) + V^a (A^L^ - 3) 

Vi = ^ 5 ^ = fi{V3,Bh,T) 

(A2L2 + 9)' (A4L4 - 6A2L2 - 15) 



,7 _ 2A2L^^, + 2V3Lf {A'L' + 1) + V^a (A^L^ - 3)^ _ _ , ~ ~ ~ , 

- AU4-6A2L2-15 = ^ 

^0 = , , r((A'L2 - 3)(3(16AU6(11A2l2 - 9)5^, 

" 6A3L5(A2L2 + 9)2(A4L4-6A2L2-15)^^ ^ ^ ' 

+V3{A^L^ - 3)\3A^L^ + 97A^L^ - 21QA^L^ - 405)) + 2yJ?,A'^L^T{2,A^L^ + SA^L^ 
+54A^L4 - 288A2L2 - 81))) = h{V,, 5,, T) 

- 2AL2(A2L2 + 9)2(lu^-6A2L2-15) (^(^^"^ " + ^^^^^^^ " ^35)(2A^L^^. 
+Vi [A^L^ - 3) ^) + 16A2L=^T(A6L*^ + 9A^L^ - 54)) = ^{¥3, B^, T) (C.2) 

The above solution is not supersymmetric and it is specified in terms of four parameters: 
A,V^3,T,S,. 

Now, when we add the higher derivative corrections to the leading solution ( p.24|) . 



we could in principle add correction terms to f 3, 5 and A-^ also. Let the correction terms 
to these quantities be V3, -B^ and T respectively. We can plug these corrected geometry 
to Einstein's equations but solve for only four of them, because only four equations are 
linearly independent. We can choose to solve for Vi, V2, and in terms of other three 
parameters. The final result is the following, 

= vf^ + 5/i(\/3, 5,, t) + 7/i(\/3, 5,,, T) + ^gMs) 
V2 = vf^ + 5/2(^/3, T) + 7/2(V^3, T) + 7^?2(c:s) 
eo = ef + 5/3(^/3, 5/., T) + 7/3(^3, Sh,, T) + -ig^^d^s) 
es = ef + 5/4(^3, Bu. T) + 7/4(^/3, 5^, T) + ^g^s) (C.3) 
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Now we can use the redundancy in the leading solutions to remove corrections terms from 
V3, B, T, i.e. we can choose 5 to be 7 and — — V^s, B^, — —B^ and T = — T. Then, the 
functions g[s read: 



1 



4 (A2L2 + 9)" (AU^ - 6A2L2 - 15) V ^ ^ ^ ^ 
+3861A2l2 + 1080) + 24(c4A^L^ + 13c4A^L^ + 2V3c5A^L^ - 40c4A^L^ 

-SO^csAU^ - UGc^A^L^ + 120V3c5A^L^ + 6c2{A^L^ - A^L^ - 33AU^ 
+57A'^L^ - 24) + 3c3 (A^L^ + 3A^L^ - 39A^L^ - 9A^L^ - 24) + 90c4))^ (C.4) 



+4V3c5AU^ + 38c4A2l2 - 30V3c5A^L^ + 6c2(7A^L^ - lOA^L^ + 3) 

+3c3 (9A^L^ + 2A^L^ + 3) - I5C4))) (C.5) 



^3 = o ((A^L^ - 3)(ci(A^L^ - 657 A^L^ 

3AL (A2L2 + 9)' (AU^ - GA^L^ - 15) ^ 

-14238AU^ - 4347A2l^ + 1215) + 6(-6c4A^L^ + 3y3c5A*L^ - 173c4A^L^ 
+9y3c5A^L^ - 2067c4A^L^ - 519V3c5A^L^ - 3987c4A2L^ + 1755V3c5A2l2 
-12c3(28A6l6 + 219A^L^ + 2AA'^L'^ + 27) + 2Ac2{A^L^ - 25A^L^ - 168AU^ 
+219A2L2 - 27) + 405c4))) (C.6) 

04 = 7= o — (AL'(ci(4A^L^ - 135 A^L^ - 1332 A^L^ 

y3(A2L2 + 9)'(A4L4-6A2L2- 15) 

-21465A2l^ - 810) + 6(c4A^L^ - 23c4A^L^ + 3y3c5A^L^ - 399c4AU^ 
+57\/3c5A^L^ - 3393c4A=^L=^ - 1071V3c5A2l2 - 36c3(19AU^ + 136A'^L'^ + 3) 
+72c2{A^L^ - 18AU^ - 115A2L2 + 132) - 6750c4 + 2835V3c5))) (C.7) 

D. Dilaton equation and its solution 

We want to study the complete profile of the dilaton, when the super symmetric higher 
derivative contribution to the action is considered. The dilaton equation of motion is 
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given by. 



^ (v^0'(r)) + |e-i^«y^W(r) = 0. (D.l) 



,2 



One can solve this equation in the extremal, near-horizon limit, i.e q = 2rQ and /i = 
(L = 1). The leading solution is constant, and we denote it by (j)h- Corrections to the 
solution can be found perturbatively in 7. Since the higher derivative part is already of 
the order 7, we need to evaluate it only on the leading black hole geometry, obtaining: 



>V(r) = (D.2) 



Now, we denote the correction term by ip{r), so that the dilaton can be written as 0(r) = 
(j)h + 'y4'{r). Plugging this value in the dilaton equation, we get a second order differential 
equation for ^^(r), which is solved by: 



ilj{r) 



32 (sCi + 243g2e-^ j 32 log {2r^ - q) {^Ci + 4617g2e-^) 



1024 V 9g(g-2r2) Slg^ 
log (4g + r2) (512C1 + 243g2e-^) gSeig^e"^ eSGlg^e" 



2 



162g2 10 (g + ^2)5 g ^ ^2)4 

2187g3e-^ SSS^e"^ 4617ge-^ 3645 .3^^ , , ^ 

(D.3) 



This solution is singular at horizon (rQ = |, in the extremal limit), specifically there are 
two terms which become singular at r = tq, i.e. log(2r2 — q) and 2r^-q ■ "^^^ choose Ci 
to set one of these two terms to zero, but to remove the other singular term we need to set 
e~l't'h = 0. Therefore the higher derivative term destabilizes the leading order solution 
(if we consider the term appearing in front of W to be exp(— 3/20) only). We found 
the same result from the entropy function calculation performed in section p.4[ Finally, 
for sake of completeness we present the expression for W in terms of the near-horizon 
parameters. The result has been obtained using FORM, and it reads: 
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+ 
+ 



464 o 2 4 4 1341256 c . o a o 293461 « . o 
86016 Wnh = -- g-^r'^^2~'^?4?5 + v^^v^'wfzUI + —^v^^wtzf 

3094952 _7 2 4 2 640136 o ^ 44608 _„ 0,2 4 
^^^1 ^2 wtztqi 'wizt + —^^1 \ € 

+ ^^^r V^-?fe?f - 1848^r^^2-^4&'?i + ^-^^v^%'w,z!ql 

1986880 o 4 2 3561656 _« o . 355936 2 4 
— ^^1 wiz^q^ — — Wiz^bqr, + — - — w^z^ 

2990288 _6 2 6 nrrnr. -5 -6 -1 2l2 2 1410752 _5 _3 2 2 

V, + 6720V, \ "w, ^zfb^l S ^hl 

7592368 _o 815360 , 2389184 , 
— — — V, V2 z,bq5 — V, wiz, V, WiZ, 

+ m2v^%''wi%Y, + ^-^v^%'wfz,b'ql + ^v^%W'z!bY, 

- 5376vi%%^^b\l + l^^v^^^^^^zlbV, + A3008v^%%^^ zfb^, 

4 fi 2 4,4 4046336 4 s 1 , 2308096 , . ,22 

- 176Avi%%^^zy ^v^%^w^'z,bq5 + v^^^'w^^zlql 

35321216 4 , 1 4528160 4 , ,4,2 250880 , 
+ 1^ v^%^w:[\lbq^ _^^-4^-3^-i^4^2 ^ —^^-4 

1637888 4 2 3236800 44 ^^^^^ , „ 4^4 2 

H v];^zl H -yf^^i - 13440t;f^t;^^Wi 6^55 

3 3 

+ mb2vfiq'^w:[%^ql - A^mSv^^v^^'^w^^Zib^q^ + mAd>v^'^v:^'^w]:^zlb'^ 

10148992 _o _2 , 9860032 _o _o . 2,2 358400 _i 

+ 1^ ^1 ^2"^l 2:1695 + V, Z,b t'l'U'i 

- ^^^vfw-,'zl - 20l6v-,WwfbW, + ^^^vfv^'w-,%\l 
_ 20^^_2^_9^-5^^^5^^ ^ 75264^;r't'2"'«^r'&'?5 - 8064t;r2t;-6^-464 

+ ^-^^vfvfw^^z,b^q^ + AimAvfv:^''w^^zib'' - ^^^^v^\^'w^%^ 

5594624 _^ , 16597504 _o 2,2 501760 _^ . 
1^ — ^1 ^16^5 z,b + — - — V, 

11992064 _2 _2 2 -1 -6 -5.4 , 555520 , 
H Wi z, — 5376i'i Wi b H — — V2 Wi b 

1003520 1 , 12 8, « 260096 „ 7, a 

552704 . f.,4 17963008 , .0 2508800 4 

— 9— ^2~'«^r'& + — 27 — ^2"'^r'& + — 9 — (d-4) 
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